We present first-principles calculations of the electronic structure of BiVO 4 at various levels of theory. In the calculations, we take into account a series of effects that affect the band gap, i.e., spin-orbit coupling, electron-hole interaction, nuclear quantum motions, and thermal vibrations. All these effects lead to a significant renormalization of the band gap. After including the relevant corrections, the values achieved with the GW level of theory closely match the experiment. Additionally, by treating excitonic effects through the Bethe-Salpeter equation, we obtain an optical band gap and an absorption spectrum in good agreement with experimental data. Through the calculation of Tauc plots, we show that this technique gives the optical band gap within about 0.14 eV, but argue that it is unable to distinguish between direct and indirect bad gaps in the case of BiVO 4 . DOI: 10.1103/PhysRevMaterials.1.022401
We present first-principles calculations of the electronic structure of BiVO 4 at various levels of theory. In the calculations, we take into account a series of effects that affect the band gap, i.e., spin-orbit coupling, electron-hole interaction, nuclear quantum motions, and thermal vibrations. All these effects lead to a significant renormalization of the band gap. After including the relevant corrections, the values achieved with the GW level of theory closely match the experiment. Additionally, by treating excitonic effects through the Bethe-Salpeter equation, we obtain an optical band gap and an absorption spectrum in good agreement with experimental data. Through the calculation of Tauc plots, we show that this technique gives the optical band gap within about 0.14 eV, but argue that it is unable to distinguish between direct and indirect bad gaps in the case of BiVO 4 . DOI: 10.1103/PhysRevMaterials. 1.022401 Several materials among complex metal oxides have shown excellent photoelectrochemical properties and stability in harsh conditions, ideal for application as photoanodes of watersplitting cells [1, 2] . Among them, monoclinic bismuth vanadate (m-BiVO 4 ) has attracted early attention [3] [4] [5] [6] . BiVO 4 is a nontoxic and chemically stable material, which has the ability of absorbing a large portion of the visible spectrum, due to its band gap of 2.4-2.5 eV [7] [8] [9] [10] [11] . Moreover, BiVO 4 has band edges favorably positioned with respect to the water redox potentials [12] and exhibits high photon-to-current conversion efficiencies [13, 14] . The good photocatalytic activity under visible light of BiVO 4 has led to extensive experimental [7] [8] [9] [10] [11] and computational [15] [16] [17] [18] [19] studies.
There are several density functional theory (DFT) studies on the electronic structure of BiVO 4 [2, [15] [16] [17] [18] [19] . It was generally observed that the results obtained with the semilocal Perdew-Burke-Ernzerhof (PBE) functional [20] or with hybrid functionals with a reduced fraction of nonlocal Fock exchange are in much better agreement with experiments than standard hybrid functionals. This observation is surprising, since semilocal functionals generally underestimate band gaps of semiconductors significantly, while standard hybrid functionals lead to much better agreement with experiment [21] . The understanding of the underlying reasons for this behavior is crucial in view of the ongoing high-throughput efforts for identifying the most efficient photoanode materials among the metal vanadates [2] .
In this Communication, we perform calculations at various levels of theory, including hybrid functionals [22, 23] and the many-body perturbation theory based on Hedin's GW formulation [24] . We show that the agreement observed in semilocal DFT calculations is artificial, since various effects leading to the reduction of the band gap have not been considered. We find that taking into account spin-orbit coupling (SOC), excitonic effects, nuclear quantum effects (NQEs), and thermal vibrations leads to a band gap reduction of about 1.1 eV. Additionally, we carry out a close comparison with the experimental procedure for extracting the band gap of BiVO 4 . The experimental band gaps of semiconductors are usually extracted from * julia.wiktor@epfl.ch UV-vis optical absorption spectroscopy, through the linear extrapolation of Tauc plots [25] . By deriving Tauc plots from the calculated absorption spectrum, we show that the method can lead to slight band-gap overestimation. Additionally, as excitonic effects are found to be significant in BiVO 4 , we emphasize that Tauc plots cannot be used to distinguish between direct and indirect gaps in the case of this material.
The electronic structure calculations presented here are carried out within various frameworks. We begin with calculations within density functional theory (DFT) based on the semilocal Perdew-Burke-Ernzerhof (PBE) functional. Next, we use two types of hybrid functionals, Perdew-Burke-Ernzerhof (PBE0) [23] , and Heyd-Scuseria-Ernzerhof (HSE) [22, 26] , in which 25% of PBE exchange is replaced by nonlocal Fock exchange. We also turn to the many-body perturbation theory based on Hedin's GW scheme [24] . We carry out one-shot G 0 W 0 calculations, both starting from wave functions obtained at the semilocal and hybrid functional levels. Finally, we apply quasiparticle self-consistent QSGW including an efficient exchange-correlation kernel to account for vertex corrections, as described in Ref. [27] . This method was shown to yield band gaps agreeing with experiment within 0.13 eV, on average. Core-valence interactions in all calculations are treated through norm-conserving pseudopotentials [28] . We include 15 valence electrons for Bi (5d, 6s, and 6p), 13 for V (3s, 3p, 3d, and 4s) and 6 for O (2s and 2p). The calculations are performed for the experimental structure at room temperature taken from Ref. [29] , with atomic positions relaxed at the PBE level. We consider a unit cell containing 12 atoms to model the monoclinic phase of BiVO 4 . The structure of m-BiVO 4 is given in Fig. 1 . We use a plane-wave cut-off energy of 42 Ha and a k-point mesh of 4 × 4 × 4. These parameters ensure the convergence of the total energy to less than 1 meV per atom. We remark that the regular k-point mesh used here does not include the smallest gap of BiVO 4 (see Fig. 2 ). However, at the PBE level, the direct gap located at the (0.5, 0, 0.25) point is only 0.13 eV larger than the lowest indirect energy transition. From the QSGW band structure, we find that the difference between the two transitions amounts to 0.16 eV. We systematically account for this reduction in the band gaps achieved with hybrid functionals and GW methods. In the GW calculations, we include about 1000 empty bands. The frequency dependence of the dielectric matrix is evaluated by the contour deformation method [30] , through the use of 8 real and 4 imaginary frequencies, and a plane-wave cutoff of 8 Ha. We note that the relatively small value of the cut-off needed to describe the dielectric function results from the use of the contour deformation method [31] . We performed convergence tests on the quasiparticle energies by increasing the aforementioned parameters. From these tests we estimate that the GW band gaps are converged within 0.05 eV. In the QSGW , calculations we update and diagonalize the lowest 100 bands. The calculations for the fundamental band gap are performed with the ABINIT code [32] [33] [34] .
We first present results for the fundamental band gap, without the effects of spin-orbit coupling, electron-hole interaction, or atomic vibrations. Band gaps yielded by various methods are given in Table I . The value of 2.18 eV achieved with the low-level PBE functional apparently shows best agreement with experimental values (2.4-2.5 eV), as was observed in previous studies [15] [16] [17] [18] [19] . The use of hybrid functionals leads to much higher values, especially in the case of PBE0 2.4-2.5 [7] [8] [9] [10] [11] predict similar values in the range 3.39-3.98 eV, much higher than the experimental results. However, in these calculations many effects that could affect the electronic structure are not accounted for.
Since bismuth is a heavy element, spin-orbit coupling can significantly affect its electronic structure. To evaluate the effect of SOC on the band gap, we perform fully relativistic calculations with two-component spinor wave functions at the PBE level. We find that the spin-orbit coupling leads to a decrease of the band gap by 0.13 eV. This effect is rather small, since the band edges of bismuth vanadate mostly comprise O 2p and V 3d states, which are only indirectly affected by the shift of the bismuth energy levels. In the corrected band gaps at the higher levels of theory, the shift calculated at the PBE level has been included. Considering the nature of the band edges of BiVO 4 (O 2p and V 3d states), we expect such a treatment to be sufficient.
The experimental gaps reported in the literature were measured at room temperature, while the calculations described above are carried out at 0 K, with fixed atomic positions. Atomic vibrations due to finite temperatures can lead to significant renormalization of the band gap [35] . To take this effect into account, we carry out 5 ps long molecular dynamics (MD) simulations with classical nuclei in the canonical NV T ensemble at a temperature of 300 K. We performed these calculations with the CP2K code [36] . Atom-centered Gaussian-type basis functions are used to describe the orbitals and an auxiliary plane-wave basis set is employed to re-expand the electron density. We employ the MOLOPT basis set [37] for Bi, O, and V, and use a cutoff of 600 Ha for the plane waves. Core-valence interactions are described by Goedecker-Teter-Hutter pseudopotentials [38] . set to 0.48 fs. To overcome the effect of the band tail [39] , we extract the band gap from the MD simulations through linear extrapolations of the wings of the electronic density of states (DOS) near the band edges. We verify if the DOS calculated at the point yields converged band edges. This is done by comparing the density of states calculated in the supercell and in a unit cell with 4 × 4 × 4 and 6 × 6 × 6 k-point meshes. We observe that the shape of the band edges is not affected by the use of a denser Brillouin zone sampling. From the linear extrapolation of the DOS, we obtain a closing of the band gap by 0.38 eV from the MD with classical nuclei.
In the MD simulation with classical nuclei, the quantum zero-point (ZP) motion is neglected, while it can also lead to band gap renormalization [40] [41] [42] [43] . To account for the nuclear quantum motions, we carry out path-integral molecular dynamics (PIMD), using the i-PI wrapper for the nuclear degrees of freedom [44] with interatomic forces taken from a semilocal DFT functional, as implemented in the CP2K package. To achieve the convergence of the PIMD results with only a few beads, we use a thermostat based on a generalized Langevin equation [45] . Calculations performed with four and six beads yield no significant differences. We present here the results obtained with six beads, averaged over a trajectory lasting 4 ps. The molecular dynamics simulations are preceded by an equilibration with classical nuclei. Taking into account the NQEs at 300 K leads to a total band gap closing of 0.57 eV. This renormalization is calculated using a semilocal functional. However, since this scheme yields a much lower band gap than the higher levels of theory, it could also underestimate the band gap renormalization. Therefore, we perform additional electronic structure calculations using the PBE0 functional on 720 snapshots chosen from the MD and PIMD trajectories. We obtain a band gap closing of 0.70 eV with classic nuclei and of 0.92 eV when including NQEs. In Fig. 3 , we compare the respective densities of states to the result calculated at 0 K.
Spin-orbit coupling, nuclear quantum effects, and finitetemperature vibrations lead to a total renormalization of the fundamental band gap by 0.70 eV at the semilocal level and by 1.05 eV at the PBE0 level. The corrected values of the fundamental band gap E corr. g of BiVO 4 have been added to Table I . For both hybrid functional and various GW methods we apply the renormalization calculated within PBE0. We note that after taking into account all these effects, the PBE functional underestimates the experimental band gap by about 1 eV. The band gap calculated with the hybrid functional HSE falls below the range of experimental data, while the hybrid functional PBE0 slightly overestimates the band gap. The various types of GW methods predict band gaps in overall good agreement with the experimental values. We note that recently, the HSE functional with a fraction of Fock exchange reduced from 25% to 17% was used for high-throughput screening of vanadates for photoanode materials [2] . This reduction was based on the apparent success of such a scheme in reproducing the experimental band gap of a few metal vanadates, including BiVO 4 . From our findings it is clear that the agreement between HSE calculations with a reduced mixing parameter and experiment are due to fortuitous error cancellations, which cannot be expected to occur systematically across the whole class of metal vanadates.
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The band gap of a semiconductor detected through absorption spectroscopy corresponds to the optical gap. Up to now, we only focused on the fundamental band gap. To relate the two, we solve the Bethe-Salpeter equation (BSE) [46] within the GW approximation, using the DP-CODE [47] . We include 12 valence and 20 conduction bands to obtain converged results. The independent-particle susceptibility, required as input, is constructed using the quasiparticle energies from the QSGW calculation, including additional shifts coming from the spin-orbit coupling. We do not account for the indirect absorption contributions arising from phonon-assisted interband transitions. Such contributions can be included in ab initio calculations [48, 49] , but would not play a significant role in the absorption spectrum of BiVO 4 , since the dominating direct transition occurs at only 0.16 eV higher energies than the indirect one. From the BSE calculations, we extract the exciton binding energy and the imaginary part of the macroscopic dielectric function ε(ω) of BiVO 4 . This dielectric function is calculated using the microscopic dielectric matrix ε(q,ω) G,G ,
where q lies within the first Brillouin zone and G, G are reciprocal lattice vectors. To obtain converged results, a matrix dimension of 447 × 447 reciprocal lattice vectors G is required. In Fig. 4(a) , we compare the imaginary part of the dielectric function calculated with and without excitonic effects. From the shifts of the eigenvalues, we find an exciton binding energy of 0.11 eV, an amount by which the optical band gap is reduced with respect to the fundamental one. This value is two times smaller than estimated by Kim et al. [11] using a hydrogen-like model. This is partially due to the fact that this model assumes parabolic electron and hole bands, which instead show a complicated dependence on the k vector in reciprocal space (see Fig. 1 ).
To compare with spectroscopy experiments, we focus on the absorption coefficient α. This is obtained by combining the imaginary part of the dielectric function (ε im ) resulting from the BSE calculation with the real part (ε re ) that is derived from the susceptibility used in the QSGW calculation:
where c is the speed of light. In Fig. 4(b) , we compare the calculated absorption coefficient with experimental data from Cooper et al. [10] and from Stoughton et al. [8] . We remark that in the absorption spectrum, we include the broadenings and shifts of the eigenvalues extracted from the PIMD at 300 K.
We apply an additional broadening of 0.14 eV, corresponding to the experimental resolution [8] . We find that the position of the first peak at 3 eV in the calculated absorption spectrum is in very good agreement with its experimental counterpart. Additionally, the calculated intensity above the absorption edge falls well within the range of the experimental spectra. Below 2.5 eV, the agreement between the calculations and experiment is less impressive. However, discrepancies are already present between the two measured spectra. We suggest that these differences can be explained by the presence of defects or surface states in the measured samples. In experimental studies, the band gap of BiVO 4 is extracted from UV-vis optical absorption spectra [8, 10] through linear extrapolation of Tauc plots [25] . When the gap of a semiconductor can be described by a simple two-band model without excitonic effects, direct and indirect gaps can be extracted from the linearity of the plots of (αhν) 2 and (αhν) 0.5 , respectively [50] . This approach was applied by Cooper et al. [10] to bismuth vanadate. However, our BSE calculations show that the excitonic effects are sizable in BiVO 4 . In this case, the absorption edge corresponding to the indirect transition has the same energy dependence as the direct transition without excitonic effects [50] and only the quadratic dependence can be used to extract the gap. This means that direct and indirect gaps cannot be distinguished using Tauc plots in BiVO 4 .
We plot (αhν) 2 in Fig. 4(c) . From the linear extrapolation, we extract a band gap of 2.62 eV, in good agreement with 2.68 eV obtained from the same type of plot by Cooper et al. [10] . We note that the value of the band gap extracted from the Tauc plot is slightly larger than the value of 2.48 eV obtained from the difference of single-particle energy levels (see Table I ). This means that band gaps obtained from Tauc plots for BiVO 4 are slightly overestimated. Limitations associated with the use of Tauc plots have already been observed for other materials [51, 52] . We also verify the effect of the experimental resolution in the absorption measurements on the band gap. This is done by not considering the experimental broadening of 0.14 eV in the calculated spectrum. In this way, we find that the band gap only slightly increases from 2.62 to 2.66 eV. We note that using a Lorentzian broadening instead of a Gaussian one does not affect the extracted band gap.
In Fig. 4(c) , we also illustrate the consequences of using the (αhν) 0.5 plot for the band gap extraction. Even though we do not include indirect transitions in the calculations, we observe a linear region in the plot, leading to an extrapolated value of 2.21 eV. However, this value does not correspond to any energy transition in our calculations. This shows that the (αhν) 0.5 dependence can lead to a spurious gap in the case of BiVO 4 . Consequently, the value of 2.52 eV inferred by Cooper et al. using the (αhν) 0.5 dependence should not be assigned to an indirect gap.
In conclusion, we studied the electronic structure of BiVO 4 at various levels of theory. We took into account a series of effects that affect the band gap, i.e., spin-orbit coupling, electron-hole interaction, nuclear quantum effects, and thermal vibrations. We showed that the apparent agreement with experiment achieved with semilocal functionals or hybrid functionals with a low fraction of the Fock exchange is due to error cancellation. We found that after including the corrections, the PBE functional strongly underestimates the band gap, while the higher levels of theory yield results in very good agreement with measured values. To address optical spectra, we considered excitonic effects and found them to be sizable. Their inclusion brings the calculated optical band gap and absorption spectrum in excellent agreement with experiment. Additionally, we investigated the use of Tauc plots. In particular, we pointed out that the use of the (αhν) 0.5 plot leads to a spurious transition energy rather than to the indirect band gap.
